ON THE UNIVALENCY OF CESÀRO SUMS OF UNIVALENT FUNCTIONS* BY M. S. ROBERTSONf
Introduction. Let
00
(1) f(z) = Z + E "nZ n 2 be analytic and univalent for \z\ < 1, that is, if Z\ and z 2 (zi7 é z 2 ) are any two points inside the unit circle, then M) -/(* 2 )^o.
The partial sums S n (z) of/(z), (2)
S n (z) = z + a 2 z 2 + a& z + • • • + a n z n , in general are not univalent in the unit circle, though they are univalent for |z| <l/4 as G. Szegö has shown.{ In some cases, however, one can say that the partial sums are univalent in the whole unit circle. J. W. Alexander § has shown, for example, that if the coefficients of (1) are real and positive and such that the numbers na n form a decreasing sequence, then not only f(z) but all its partial sums are univalent in the unit circle.
To the best of the writer's knowledge the only results obtained to date regarding the univalency of the Cesàro sums of univalent functions are those of L. Fejér|| who showed that if f(z) is real on the real axis, and convex in the direction of the imaginary axis for \z\ <1, then all the Cesàro sums of the third order are univalent for \z\ < 1.
In this paper we show that if the ordinary partial sums of f(x) are univalent for |z| <1 when f(z) has this property, then also all the Cesàro sums of the first order are univalent in the unit circle.
For the proof of our theorem we make use of the following theorem due to N. Obrechkoff* which we submit as the lemma below.
LEMMA. Let P(z) be a polynomial of degree n whose zeros are all outside \z\ =1, and let Q(z) be a polynomial of degree m whose zeros are inside \z\ ^r<l.
/ƒ X is an arbitrary positive number, then the polynomial 2z[P\z)-Q(z) -\P(z)-Q f (z)] + (m\ -n)P(z).Q(z)
has no zeros in the annulus r<\z\ < 1.
In particular, if we take Q(z)^z, then the polynomial 2z[zP'{z)-\P(z)] + Çk-n)z-P(z) has no zeros in 0<U<1. In other words, [P(z) -(2/(\+n))zP'(z)
] has no zeros in | z\ < 1. Let fc=2 I A + n -1 ; sin 9 has no zeros inside \z\ <1 for all 6. It follows by the theorem of Dieudonné, then, that the polynomial n / 2(k -1) (6) ƒ"(*, X) SÎ +£ 1--^ -wl X + n -1 is univalent in the unit circle for all A>0.
We denote the wth Cesàro sum of the first order of (3) YALE UNIVERSITY
